ABSTRACT. The purpose of this paper is to establish the linear independence of certain cohomology classes in the Haefiiger classifying space Br(Ql,q21 for subfoliations of codimension (ql, q2). The classes considered are of secondary type, not belonging to the sub algebra of H(Br(ql, q21 ' R) generated by the union of the universal characteristic classes for foliations of codimension ql and q2 respectively, and are elements of the kernel of the canonical homomor-
INTRODUCTION
Let M be an n-dimensional manifold and T M its tangent bundle. A (ql, q2)-codimensional subfoliation on M is a couple (FI, F2) of integrable subbundles Fi of T M of dimension n -qi, i = 1, 2 , with F2 being at the same time a subbundle of FI . Therefore, for each i = 1, 2, Fi defines a qicodimensional foliation on M, d = q2 -ql 2: 0 , and the leaves of FI contain those of F2, Moussu [18] , Feigin [9] , and Cordero-Masa [5] have studied the (exotic) characteristic homomorphism of a subfoliation (FI , F2 ) , and Carballes [3] has generalized Cordero-Masa's construction, introducing the characteristic homomorphism Ll*(P): H(W(g, H)J) ....... HDR(M) of an (FI' F2)-foliated principal bundle P = PI + P2 over M of structure group G = GI x G2. The author has computed in [6] the cohomology algebras H( W(g , H)J) and has given some geometric interpretations for the Godbillon-Vey classes of a subfoliation. Finally, the author has evaluated in [7] the characteristic homomorphism of a subfoliation for the particular case of locally homogeneous subfoliations, using the techniques of Kamber-Tondeur [16] and Carballes [3] , and has given several examples of such subfoliations with nontrivial secondary or exotic characteristic classes which do not belong to the subalgebra of HDR(M) generated by the characteristic classes of the two foliations.
In this paper, using some of the results obtained in [6, 7] , we prove the linear independence of certain cohomology classes in the Haefliger classifying space Br(Ql,Q2l for subfoliations of codimension (ql, q2) = (d + 1 , 2d + 1) with d 2:
1 . These classes are universal secondary characteristic classes for subfoliations of codimension (ql, q2), not belonging to the subalgebra of H(Br(QI ,Q2l' R) generated by the union of the universal characteristic classes for foliations of codimension ql and q2 respectively. Furthermore, the classes considered are in the kernel of the canonical homomorphism
H(Br(ql ,q2) , R) ---+ H(Brql x Brd , R),
where Br ql (resp. Br d) is the Haefliger classifying space for foliations of codimension ql (resp. d). A similar result holds for cohomology classes in the Haefliger classifying space Bf{ql,q2) (resp. Fr(ql,q2)) for subfoliations of codimension (ql, q2) with oriented normal bundle (resp. with trivialized normal bundle).
The paper is structured as follows. In §2 we define the classifying space Br(Ql,Q2) for subfoliations of codimension (ql, q2). In §3 we introduce the universal characteristic homomorphism d.: H(WOJ ) ---+ H(Br(Ql ,Q2) , R) for subfoliations of codimension (ql, (iz) using the techniques of Bott [2] and Cordero-Masa [5] . §4 is devoted to the computation of the canonical homomorphism P.: H(WOJ ) ---+ H(WO Q1 ) ~H(WOd) using the author's techniques [6] . Finally, in §5 the results obtained in § §3, 4 and [7] are used in order to establish the results of the preceding paragraph.
Throughout this paper all manifolds, foliations, and subfoliations are of type Coo, and cohomology groups are taken with real coefficients. We also adopt the notations of [3, 6, 7, 16 ].
THE CLASSIFYING SPACE FOR SUB FOLIATIONS
In this section we define a classifying space for subfoliations. For this purpose, the techniques used by Haefliger in [12] will be adopted here.
Let 
Hence, using the techniques of Haefliger [12] , we obtain the following result.
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Remarks. 
, where if> , ¢1, and ¢o denote the canonical maps. differential of y belongs to the connected component Go of the group G.
CHARACTERISTIC CLASSES OF SUB FOLIATIONS
In this section the universal characteristic classes for subfoliations are discussed. Let
be the homomorphism induced by the map Br ~ BG ~ BO(qd x BO(d) in cohomology. Then, using the techniques ofBott [2] , from Theorem 3.9 in [5] we obtain Bott's obstruction theorem for subfoliations (actually, for r-structures):
Similarly, since the characteristic homomorphism for subfoliations is natural with respect to subfoliation preserving maps, we have the following Theorem 3.2. There exists a unique homomorphism F 2 ) denotes the characteristic homomorphism of (Fl ,F2) as defined in [5] . Our purpose is to obtain information about ImA* c H(Br, R). In the computation of the homomorphism A*, the following result is interesting.
is commutative, where the vertical maps are the universal characteristic homomorphisms (with A~ the universal characteristic homomorphism for double foliations of codimension ql and d respectively), and the horizontal maps are the canonical homomorphisms. Proof. This follows from Theorem 5.2 in [5] and Theorem 4.6 in [6] .
Remarks. (1) It is clear that the canonical homomorphisms 4>i, ¢i, W(dpd*,
and W(dpd* are injective, and that Im4>iAi* c ImA*, i = 1,2.
(2) For ql = q2 = q, and for ql = 0 and q2 = q, the results obtained above are reduced to the ordinary case of foliations of codimension q. On the other hand, Br can also be considered as the classifying space for foliated manifolds (M, F) with F of codimension ql and M of dimension q2.
(3) The universal characteristic homomorphism
for subfoliations of codimension (ql, q2) with trivialized normal bundle (resp. with oriented normal bundle) is constructed in an analogous way and results similar to those announced in Proposition 3.4 are obtained. Moreover, there is a commutative diagram
with canonical horizontal maps.
THE COMPUTATION OF THE HOMOMORPHISM p*
In this section, using the notations of §3 in [6] , we give the computation of the canonical homomorphism P.:
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. The cohomology classes in H(WOI ) of the cocycles
. Let Ca , Cb , and Cc be the sets of elements z(i, i' ,j ,j') E C satisfying the conditions:
respectively. In particular, we have Ca n Cb = Ca n Cc = Cb n Cc = 0. It is clear that the elements Z(i,i' ,j,j') E Ca U Cb U Cc are cocycles and that the Vey basis of H(WOI) is given by the cohomology classes of these cocycles.
Clearly, we have 
were '¥ = , R) denotes the universal characteristic homomorphism for double foliations of codimension ql and d respectively, dl* (resp. do*) being the universal characteristic homomorphism for foliations of codimension ql (resp. d), and f.l the cohomology cross product (clearly, the homomorphism f.l is injective). Then, from Propositions 3.4, 4.1, and 4.2 we obtain the following result. 
. Let u bean element of H(WO/). Then UEd;I(Ker¢>*) ifand only if d*(F1 ,F2)U = 0 E HDR(M) for any manifold M and for any (ql, q2)-codimensional subfoliation (FI' F2) on M such that (FI' F2) = (PI, FI n Fo) with Fo a d-codimensional foliation on M.

Corollary 4.5. For the universal Godbillon-Vey classes, we have
(i) d*[y~ ® C{C~q2-j], d*[YI t\ y~ ® c{ C~q2-j'] E d* Kerp* c Ker¢>* for 0 ~ j ~ ql and 0 ~ j' ~ ql -1
. In particular, for the universal Godbillon-Vey class
d2*[Y~' ® c~,q2] E H2q2+ 1 (Brq2 , R), we have (¢>i 0 d2*)[y~' ® c~,q2] = t ( q2 ; 1 ) d*[y~ ® c{ c~ q2-j] E d* Ker p*. )=0 (ii) d*[YI ® Cfl], d*[Y1 t\ y~ ® CfIC~d] E d*(; -Ker¢>* .
Remark. In the same way, we can compute the canonical homomorphisms P*: H(»1) --t H(WqJ ®H(Wd) and
P:: H(W(g1(qd ED g1(d) , SO(qd x SO(d))J) --t H(W(g1(ql) , SO(qd)ql) ® H(W(g1(d) , SO(d))d).
The computation of the characteristic homomorphism for locally homogeneous subfoliations has been described in [7] . We have then the following result. 
J1.=(-I)t s (d+2)(d+l)(akk_l-akk)rr
where akk-I' akk E R (with akk-I = 0 for k = 0) are given by the polynomial
The corresponding classes then span the subspace
Proof. It suffices to proceed as in the proof of Theorem 6.1 in [7] . It is easy to see that akk = 1 for k = O. Thus we have only to show that akk-I -akk # 0 for 1 < k :$ d + 1 , and akk-I -akk = 0 for k = 1 . Now, using the vth derivative of fic(A), v = 0, 1, ... , d + k, by a direct computation of akv > 0 for 0 : Remark. It is clear that Similarly, applying Theorem 6.1 in [7] Remark. Let (ql, q2) be a couple of integers with 0 < ql < q2. It follows from [11, 14, 15] that the canonical homomorphisms ¢>*, ¢>'*, ¢*, ¢>i, ¢>~ * and ¢i are not surjective.
Proposition 5.11. Let (ql, q2) be a couple o/integers with 0 < ql < q2, (ql, q2) i- (2m -1, 2m), and (ql, q2) i-(1, 2m) (2) A geometric interpretation for nontrivial elements of the kernel of the canonical homomorphism W(dP2)* has been given in [7] (see also [5] 
